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Abstract: Parametric rolling is a resonance phenomenon affecting the safety and operational performance of ships, 

especially in head or following seas. This paper investigates the possibility of attenuation of parametric roll oscillations 

by using rudder-based stabilization. To this goal, the ship is represented as a single-degree of freedom oscillator with 

nonlinear damping and time-varying nonlinear stiffness, subjected to a proportional-derivative (PD) control applied via 

the rudder. Numerical simulations are performed to measure the influence of the main model parameters, including 

control gains, initial conditions, encounter wave frequency, on the ship response in roll. Results demonstrate that PD 

rudder control are able to reduce substantially roll amplitudes for an extensive range of operating conditions. The 

findings provide insight into the effectiveness of rudder-based control of ship rolling and can be used as a foundation 

for future research using more complex ship models. 
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1. INTRODUCTION 

 

Parametric rolling is a nonlinear dynamic 

phenomenon commonly observed in ships navigating in 

head or following seas. The main reason for its 

triggering is the periodic variation of the ship’s restoring 

moment and the result of its development consists in the 

appearance of excessive roll oscillations that can 

compromise crew safety and cargo integrity, especially if 

the wave encounter frequency is twice the ship natural 

frequency in roll and the wave and ship lengths are 

almost equal [1, 2]. 

Over the years, several techniques have been 

proposed to attenuate it. Passive systems, such as bilge 

keels or anti-roll tanks, provide limited effectiveness 

against high-frequency or parametric excitations. Active 

systems, including fin stabilizers and rudder-based roll 

stabilization, offer a more adaptable solution to varying 

sea conditions in real time [3 - 6]. 

The present study focuses on rudder roll 

stabilization (RRS), where the ship’s rudder is used to 

generate a corrective roll torque [7, 8].  To this aim, the 

ship is modelled as a single-degree-of-freedom roll 

oscillator with nonlinear time-varying stiffness and 

damping and a proportional-derivative (PD) control is 

applied through the rudder to counteract roll oscillations.  

The rest of the paper is organized as follows: 

Section 2 describes the mathematical model of the ship 

in rolling and the rudder-based control system. Section 3 

presents the numerical results and the associated 

comments. Section 4 concludes with the main findings 

and highlights the potential directions for further 

research.  

 

2. MATHEMATICAL MODELING 

 

The governing equation used in the paper for 

describing the parametric roll oscillation of a ship take 

account of ship inertia, hydrodynamic nonlinear 

damping, a time-varying nonlinear restoring moment due 

to the periodic variation of metacentric height, and the 

moment generated by the rudder. Thus, it is written as: 
 

(𝐼𝑥 + 𝛿𝐼𝑥)𝜃̈ + 𝑑1𝜃̇ + 𝑑2|𝜃̇|𝜃̇ + 
 

+𝜌𝑔∇(𝐺𝑀𝑚 + 𝐺𝑀𝑎𝑐𝑜𝑠𝜔𝑒𝑡)𝜃 + 𝑘3𝜃3 = 𝑀𝑟𝑢𝑑𝑑𝑒𝑟       (1) 
 

Here, 𝜃 is the roll angle, 𝐼𝑥 and 𝛿𝐼𝑥 represent the 

ship and added mass inertia in roll, 𝑑1 and 𝑑2 stand for 

linear and quadratic roll damping coefficients, 𝜌 is the 

water density, g the terrestrial gravitational acceleration, 

∇ the ship displacement, 𝑘3 the cubic coefficient of the 

nonlinear restoring moment, 𝐺𝑀𝑚 and 𝐺𝑀𝑎 are the 

constant and variable parts of the metacentric height, 𝜔𝑒 

represents the wave encounter frequency, and 𝑀𝑟𝑢𝑑𝑑𝑒𝑟  is 

the moment generated by the rudder control. 

The last quantity is considered to be proportional 

with the applied rudder deflection 𝛿, 
 

                         𝑀𝑟𝑢𝑑𝑑𝑒𝑟 =  𝑘𝑟  𝛿                           (2) 
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where 𝑘𝑟 is a constant showing the effectiveness of the 

rudder in producing an anti-roll torque. The actuation of 

the rudder is provided by a servomechanism, so the 

control of the rudder is constrained by the properties of 

this system. The main constraints are the maximum 

rudder deflection, 𝛿𝑚𝑎𝑥, the maximum rate of 𝛿, 𝛿̇𝑚𝑎𝑥, 

and the delay, 𝑇𝛿 , between the commanded control input 

𝛿𝑐 and the actual angle of the rudder, 𝛿. Usually, these 

constraints can be incorporated in a first-order 

differential equation of form: 
 

                                  𝑇𝛿 ∙ 𝛿̇ + 𝛿 = 𝛿𝑐                            (3)         
 

with |𝛿| ≤ 𝛿𝑚𝑎𝑥 and |𝛿̇| ≤ 𝛿̇𝑚𝑎𝑥. 

The rudder-based control is implemented using a 

proportional-derivative (PD) feedback law of form  
 

                𝛿𝑐(𝑡) = −(𝐾𝑝𝜃 + 𝐾𝑑𝜃̇)/𝑘𝑟                  (4) 
 

where 𝐾𝑝 and 𝐾𝑑 are the proportional and derivative 

gains. To tune these values, one can use either a manual 

adjustment or methods as Niegler - Nichols or Cohen-

Coon [9]. 

 

3.  RESULTS AND DISCUSSION 

 

The nonlinear roll model described in the previous 

section was implemented in MATLAB using ode45 

solver. The running time was set to 400 seconds (with 

some exceptions) to ensure sufficient observation of the 

ship response to wave excitation and rudder-based PD 

control. The ship parameters, taken from experimental 

research, are presented in Table 1. 

 

Table 1. The parameters involved in Equation (1) 
 

Parameter Value Unit 

𝐼𝑥 + 𝛿𝐼𝑥 1.6184 ∙ 1010 𝑘𝑔 ∙ 𝑚2 

𝑑1 3.2 ∙ 108 𝑘𝑔 ∙ 𝑚2/𝑠 

𝑑2 2.99 ∙ 108 𝑘𝑔 ∙ 𝑚2/𝑟𝑎𝑑 

𝑘3 1.7844 ∙ 1010 𝑘𝑔 ∙ 𝑚2/𝑠2𝑟𝑎𝑑2 

𝜌 1000 𝑘𝑔/𝑚3 

𝑔 9.81 𝑚/𝑠2 

∇ 76468 𝑚3 

𝐺𝑀𝑚 1.91 𝑚 

𝐺𝑀𝑎 0.84 𝑚 

𝜔𝑒 0.592 𝑟𝑎𝑑/𝑠 

 

The ship natural frequency in roll is given by: 
 

𝜔𝜃 = √
𝜌𝑔∇𝐺𝑀𝑚

𝐼𝑥 + 𝛿𝐼𝑥

= 0.2975 𝑟𝑎𝑑/𝑠 

 

such as  𝜔𝑒/𝜔𝜃 = 1.99.  
 

3.1 Single – case dynamics 

 

We first simulated the ship’s behaviour in the 

absence of rudder control. As expected, approaching the 

resonance condition 𝜔𝑒 ≈ 2𝜔𝜃  causes any initial 

disturbance to be greatly amplified. Figure 1 shows the 

time histories of ship roll angle, 𝜃(𝑡), the phase plane, 

(𝜃, 𝜃̇), and the ship energy in roll, 𝐸(𝑡) =
1

2
 𝐼𝑥𝜃̇2 +

1

2
𝐶𝑚𝜃2, where 𝐶𝑚 = 𝜌𝑔∇𝐺𝑀𝑚. Even if the ship has 

good damping, the initial disturbance of 1
0
, perhaps 

caused by a gust of wind or a wrong maneuver, is 

increased in about two minutes to 10
0
, followed by a 

slow stabilization to the value of 8.3
0
. For short time 

periods this level of rolling generally does not cause 

permanent damage, but noticeable discomfort for the 

crew is to be expected and the unsecured equipment may 

start to shift. A failure of one of the other existing 

damping systems (possible) would decrease the 

coefficients 𝑑1 and 𝑑3 values, which would lead to much 

higher roll angles (20
0
 - 30

0
) and, consequently, to a real 

danger to the integrity of the cargo and the safety of the 

crew [10]. 
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Figure 1 Ship behaviour in the absence of a rudder 

control: (a) Roll angle time histories; (b) Phase plane; 

 (c) Ship energy. 
 

Then, for cancel out or diminish this undesirable 

oscillation, the effectiveness of the PD rudder control 

strategy was evaluated. 

The fixed values 𝑘𝑟 = 2 ∙ 108 𝑁𝑚/𝑟𝑎𝑑, 𝑇𝛿 =
0.5 𝑠, 𝛿𝑚𝑎𝑥 = 250, 𝐾𝑑 = 108 𝑁𝑚𝑠/𝑟𝑎𝑑 and variable 

gain 𝐾𝑝 were chosen. Figures 2 and 3 present the roll 

angle, rudder angle and ship energy for 𝐾𝑝 = 2.5 ∙

108 𝑁𝑚/𝑟𝑎𝑑 and 𝐾𝑝 = 3.0 ∙ 108 𝑁𝑚/𝑟𝑎𝑑, respectively. 

In first case, the PD controller reduced the roll 

oscillation to 2.3
0
. In the second one, we witness to a 

cancellation of the initial perturbation. The rudder angle 

𝛿 followed the same trend as the roll angle 𝜃 and never 

exceeded 5
0
. 

 

 
 

Figure 2 Dependence on time of the roll angle, rudder 

angle and ship energy for 𝐾𝑝 = 2.5 ∙ 108 𝑁𝑚/𝑟𝑎𝑑  
 

 
 

Figure 3 Dependence on time of the roll angle, rudder 

angle and ship energy for 𝐾𝑝 = 3.0 ∙ 108 𝑁𝑚/𝑟𝑎𝑑  

 

3.2 Influence of control gains  

 

To give more insight about the influence of control 

gains 𝐾𝑝 and 𝐾𝑑 on the ship rolling, we make use of 

large-scale of them to generate two dimensional 

colormaps of maximum rolling and rudder amplitudes, 

and of final energy of ship rolling (see Figure 4). 

For a fixed derivative gain 𝐾𝑑, increasing 

proportional gain 𝐾𝑝 reduces the maximum amplitude of 

ship rolling in the stationary phase, 𝑚𝑎𝑥|𝜃| and, as 

consequence, the ship energy in roll. For a better 

separation of the plane (𝐾𝑝 , 𝐾𝑑) into areas with slower or 

faster stabilization of roll oscillations, representative 

coloured contour lines were used (e.g., 𝜃𝑚𝑎𝑥 = 20).  

The situation is somewhat different in the case of 

the rudder angle 𝛿. It is possible in some cases that an 

increase in the parameter 𝐾𝑝 will cause the actuator to 

saturate, i.e., exceed the value 𝛿𝑚𝑎𝑥. This possibility 

shows that a careful tuning of PD gains is required to 

balance roll attenuation and physical limitations of the 

rudder system. 
 

 
 

 
 

 
 

Figure 4 Colormaps for the maximum amplitudes of roll 

and rudder angles, and the ship’s final energy in roll as 

functions of PD control gains  

 

3.3 Influence of initial conditions 

 

Roll amplitudes and rudder angles are strongly 

influenced by initial disturbances. With appropriate 

https://creativecommons.org/licenses/by-nc/4.0/
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control gains, small initial angles 𝜃0 = 𝜃(0) and rates 

𝜃̇0 = 𝜃̇(0) result in a rapid ship stabilization and reduced 

rudder effort. Large disturbances 𝜃0 and 𝜃̇0 will maintain 

the dangerous oscillation for a long period of time, no 

matter the control gains values.  

As Figures 1 and 2 demonstrate, parametric roll 

develops rapidly in the first 50 - 100 seconds, both in the 

absence of control and in its presence. In this regard, 

Figure 5, made with the same inputs as Figure 3, 

presents colormaps for the dependencies of maximum 

roll and rudder angles in the first 100 seconds on initial 

conditions. In the area associated with high 𝜃0  values, 

the rudder is seriously stressed and rudder constraint 

𝛿 = 𝛿𝑚𝑎𝑥 is reached. 
 

 
 

 
 

Figure 5 Colormaps for the maximum amplitudes of roll 

(a) and rudder (b) angles as functions of initial 

disturbances in the first 100 seconds of simulation 
 

For long term, the robustness of rudder – based PD 

control succeed to mitigate the roll oscillation. Figure 6 

shows the maximum roll angle in the last 50 seconds 

(from 400) for different (𝜃0, 𝜃̇0) and 𝐾𝑝. The other 

parameters were kept unchanged. A consistent reduction, 

towards more than acceptable limits, of the roll 

amplitudes can be observed across the entire range of 

ICs tested. The most interesting aspect in this simulation 

is the placement of the roll amplitudes on the strips. 

 

3.4 Roll played by encounter wave frequency 

 

Parametric excitation due to waves can induce 

resonance, leading to increased roll amplitudes, even in 

the presence of a rudder control. Figures 7a and b 

present angle  𝜃𝑚𝑎𝑥 as a function of wave encounter 

frequency 𝜔𝑒 for a fixed initial perturbation (𝜃0 =

10, 𝜃̇0 = 00/𝑠) in the first 100 s, respectively last 50 s 

from 400 s. The results prove that the PD rudder control 

effectively cancel this small disturbance across the entire 

frequency range with some exceptions. High amplitudes 

are observed near the resonance frequency 𝜔𝑒 ≈ 2𝜔𝜃 

even for controlled rudder. For the chosen values of the 

gain 𝐾𝑝 and fixed 𝐾𝑑, only a shifting toward right of the 

curve 𝜃𝑚𝑎𝑥(𝜔𝑒) is observed. This emphasizes the great 

importance of appropriately tuned control gains to 

ensure a robust performance under parametric excitation. 
 

 
 

 
 

Figure 6 Colormaps for the maximum amplitudes of roll 

angle as functions of initial disturbances in the last 50 

seconds of simulation (from 400). 

(a) 𝐾𝑝 = 2.5 ∙ 108𝑁𝑚/𝑟𝑎𝑑;  

            (b) 𝐾𝑝 = 3.0 ∙ 108 𝑁𝑚/𝑟𝑎𝑑 

 

The shift towards higher values of the frequency 𝜔𝑒 

with the increase of the gain 𝐾𝑝 is illustrated in figure 7c. 

It is obvious that only a reconsideration of 𝐾𝑝 will 

produce an exit from the area of large stationary 

amplitudes. 

Figure 7b highlights a potentially dangerous 

frequency range in the case of controlled rudder, located 

around the value 𝜔𝑒 ≈ 0.65. To investigate the control 

efficiency in this band, Figure 7d shows the angle 𝜃𝑚𝑎𝑥 

as a function of the two gains for 𝜔𝑒 = 0.67. In this 

variant, only values of 𝐾𝑝 below 108𝑁𝑚/𝑟𝑎𝑑 will 

ensure a decay of the oscillation. 

https://creativecommons.org/licenses/by-nc/4.0/
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Figure 7 Maximum roll amplitude in the first 100 

seconds (a) and in the last 50 s from 400 s (b) as a 

function of wave encounter frequency; Colormap 

showing 𝜃𝑚𝑎𝑥 in the last 50 s as a function of 𝜔𝑒 and 𝐾𝑝 

(c) or 𝐾𝑝 and 𝐾𝑑 for 𝜔𝑒 = 0.67 (d) 

 

3.5 Influence of an irregular sea 

 

A real wave is generally very different from a 

sinusoidal one. As a first step towards an irregular wave, 

we will replace the constant part of the time-varying 

restoring moment, 𝐶𝑚, by the slowly varying term 

𝐶𝑚(1 + 0.3 sin 0.05 𝜋𝑡). The rest of the parameters 

coincide with those used in creating Figure 6. In addition 

to a slight increase in the amplitude of the steady state, a 

deviation from the parallelism of the contour lines is also 

observed in the right area. It is expected that a stochastic 

wave model will substantially affect the appearance of 

these colormaps. 
 

 
 

 
 

Figure 8 The same as in Figure 6 but for 𝐶𝑚 replaced by 

𝐶𝑚(1 + 0.3 sin 0.05 𝜋𝑡) 
 

3.6 Settling time analysis 
 

In this section, by settling time we understand the 

time required for |𝜃(𝑡)| to remain permanently below a 

threshold of 1
0
.  
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Figure 9 Two (a) and three (b) colormap describing   

       the settling time TS as a function of initial conditions 

      Figure 9 presents two and three dimensional 

colormaps of the settling time TS (in seconds) for 

different combinations (𝜃0, 𝜃̇0) and 𝜔𝑒 = 0.592. The 

simulation confirms that low initial disturbances lead to 

short settling times (< 100 s), moderate disturbances. 

result in settling times up to 150 s, while severe initial 

perturbations require hundreds of seconds for 

stabilization (if it really happens for the combination 

chosen for control gains). 

 

4. CONCLUSIONS 

 

The present study investigated the attenuation of 

parametric roll oscillations in ships using rudder-based 

proportional-derivative (PD) control. The main findings 

are summarized as follows: 

i) The PD rudder controller effectivelly succeded to 

diminish or vanish roll amplitudes across a wide 

range of wave frequencies and initial conditions 

both in regular or irregular-like seas; 

ii) Roll amplitudes and settling times are strongly 

dependent on initial perturbations. Small initial 

roll angles and rates result in a rapid stabilization, 

while large perturbations cannot be attenuated 

regardless the control gains or require long 

settling times; 

iii) The wave excitation is dangerous only in the 

proximity of resonance. A suitable choice of 

control gains will produce a shift of the 

frequency-response curve and, as consequence, an 

exit from the high amplitudes region; 

iv) Despite the model’s simplifications, the study 

provides valuable information about rudder-based 

stabilization of ship rolling. 

Future work may include extensions of the model 

to multi-degree-of-freedom systems, incorporate more 

nonlinear features and stochastic wave spectra, and/or 

experiments to validate the numerical predictions.  
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