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Abstract: In the paper the problem of location and stabilization of unstable periodic orbits (UPOs) in discrete systems is 

investigated via the prediction-based control (PBC). It involves using the state of the free system one period ahead as 

reference for the control signal. Two types of control gains are tested, the first requiring the knowledge of the UPO to 

be stabilized and the second depending only on the actual state of the trajectory. The effectiveness of PBC is 

demonstrated on a chaotic mapping describing the malignant tumor growth. When the results obtained with the two 

control laws are compared with each other, it is found that the second variant is qualitatively superior, both in terms of 

convergence and the number of stabilized UPOs, especially for long-period orbits. 
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1. INTRODUCTION 

In everyday life, human health is paramount for 

performing high-performance activities. some diseases 

can deteriorate the quality of work results. 

Cancer, that terrible disease characterized by 

uncontrolled growth of cell and invasion into 

surrounding tissues, is one of the major causes of deaths 

in the world. It is natural, then, that the mathematical 

modelling approaches have become increasingly 

abundant in cancer research, with the ultimate goal of 

controlling it. 

The mathematical models used to describe the 

growth rate of the cancer cells are either deterministic or 

stochastic. The widely used deterministic models are the 

exponential, logistic, Mendelsohn, Gompertz and 

Bartalanffy models. To provide best fits to the 

experimental and clinical data, some of the above-

mentioned models have been extended to their stochastic 

counterpart, e.g. Gompertz and logistic models [1 - 3]. 

Even if continuous models are usually used in the 

literature, some papers suggest that a suitable model for 

the tumor growth should be a discrete model, capable of 

exhibiting both periodic and complex chaotic dynamics 

[4, 5]. 

Generally, chaos is associated with unpredictable 

behaviour and this may be inconvenient in the treatment 

of the cancer tumor. For such a situation, suppression of 

chaos and its substitution with a regular behaviour may 

be achieved by control techniques [6, 7]. Part of these 

approaches use the fact that the strange attractors 

associated to a chaotic dynamical system contain an 

infinite number of unstable periodic orbits (UPOs) 

forming the skeleton of the attractor. If such a UPO with 

low period is stabilized, it is expected that a tumor 

treatment action will be easier to identify and apply. 

In the paper, we numerically investigated a 

technique proposed by Ushio and Yamamoto and 

developed by Chagas et al [8] for stabilizing UPOs in 

chaotic mappings, called prediction based control. As 

demonstrative example, we selected a one-dimensional 

map describing a malignant tumor growth.  

2. MODEL AND METHOD 

2.1 Model 

The one – dimensional discrete model used in the 

paper for describing a tumor growth was proposed by 

Ahmed and assumes that the cells of the tumor have a 

core and a surface and he cell growth is proportional to 

its surface while the loss with its volume [5]. The 

associated mapping, after rescaling, reads as: 

            
   

                     (1) 

where    refers to the number of cancerous cells at 

“time” n, the parameter         indicates the tumor 

growth rate and the nonlinear function f transforms the 

interval [0, 1] onto itself. The map has two fixed points, 

DOI:10.53464/JMTE.02.2021.04



ISSN 1844-6116  http://www.cmu-edu.eu/jmte 

Journal of Marine technology and Environment   Year 2015, Vol.1  

22 

        and         
     

       
 
 

. The second one is 

stable for                 and then is replaced, 

through a pitchfork bifurcation, by a period-2 orbit. This 

is, at its turn, stable for       
   

       and then 

bifurcates into a 4 – cycle. The next bifurcation points 

are     
   

       and     
   

      . Starting with an 

accumulation point, the map behaves chaotically, 

excepting some small windows with periodic behaviour. 

2.2 Method 

Consider the one-dimensional nonlinear map 

                               (2) 

where     is a parameter and     . 

Let                              be a period – s 

orbit of map (2), meaning 

                                         (3) 

     is a fixed point of map                    
       

. Let 

           
                . If      , the orbit 

     is stable, otherwise it is unstable. The prediction – 

based control suggested in [8] for stabilizing the s – 

cycle      in the case       is given by: 

                    (4) 

where the control signal    is defined by 

                                      (5) 

The control gain   may be time varying or 

constant (that depends on the system state). In the paper 

we tested two variants of choosing  , namely: 

V1)         
       

   
                        (6) 

   is a time – periodic state – dependent gain and its 

determination depends upon unstable periodic orbit     

knowledge. 

V2)        
      

        
                      

  (7) 

   is a non-linear time – variant state – dependent gain, 

but its determination does not require any knowledge on 

the orbit      (except the period s). The values        
                are computed along the trajectory of the free 

system (2). 

3. RESULTS 

Throughout this section, without exception, the 

parameter value p = 0.97 is considered, for which the 

map (1) behaves chaotically. The strange attractors 

contains two fixed points, one orbit of period 2 and one 

of period 4, no orbits of period 3 and 5, two orbits of 

period 6, and so on. 

3.1 Stabilizing the fixed point (s = 1) 

For p = 0.97, the nonzero fixed point is           
            , for which M = - 1.5159. It can be 

stabilized in a small number of iterations both by law (6) 

and by law (7).  

(a) 

Figure 1 (a) Evolution of the state   toward fixed point 

  and the control effort    for map (1) controlled by 

law (6) with      ; 

Figure 1 (b) Basin of attraction of stabilized fixed point 

  of map (1) controlled by law (6) and the number of 

iterations until stabilization,   ; 
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Figure 1 (c) The same as in previous figure, but for law 

(7). In addition to   , there are initial conditions    for 

which the zero fixed point is stabilized. 

Figure 1 (a) shows the evolution of the state   and 

the control effort    for initial condition       and 

law (6). After four iterations, the value           was 

reached, which we will choose as threshold for 

stabilization. In fact, the initial condition    is not too 

important for the stabilization of    under the conditions 

of law (6) enforcement. As indicated in Figure 1 (b), the 

basin of attraction (BA) of    is the entire interval [0, 1]. 

The number of iterations until stabilization is between 

    , in the vicinity of the fixed point, and     , 

towards the left end of the interval. When applying the 

law (7), the situation is slightly different. The fact that 

the fixed point is not a priori known makes the choice of 

   near the origin to produce the stabilization of the zero 

fixed point (in a much larger number of iterations). For 

the rest of the range [0, 1], there are no notable 

differences between the results provided by laws (6) and 

(7), as illustrated in Figure 1 (c). Moreover, this 

drawback of law (7) is maintained for all           , 
as shown in Figure 2. 

The white area refers to the zero fixed point and the 

red line to   . 

(a) 

(b) 

Figure 2 Dependence of the number of iterations until 

the fixed point’s stabilization on the starting point and 

parameter p when applying: (a) law (6) ; (b) law (7).  

3.2 Stabilizing the period-2 orbit (s = 2) 

The only orbit of period 2 obtained for p = 0.97 is 

            and                            
In Figure 3, this orbit is stabilized for       in ten 

iterations. The control gains are                  and 

                 . 
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Figure 3 Stabilizing the period – 2 orbit with the law (6) 

The basin of attraction (BA) depends in a significant 

way on the connection between the parity of index “n” in 

the control scheme (4) and the components of the orbit 

[9].  

Figure 4 (a) Dependence of the basin of attraction of the 

period-2 orbit on the choice of control gains in (6)

Figure 4(b) The same, but for the number    of 

iterations until stabilization 

If an odd “n” corresponds to    , then the BA is 

formed mainly in the closeness of this component (see 

the upper panel in Figure 4(a)). Otherwise, the BA 

surrounds the component     (see lower panel in Figure 4 

(a)).  The number    of steps until the orbit is stabilized 

remains less than ten, except for the marginal areas of 

the BA, as shown in Figure 4 (b). 

Unlike variant V1, the application of law (7) makes 

that every time when the starting point does not lead to 

the stabilization of period -2 orbit, the non-zero fixed 

point    is stabilized instead (see Figure 5). 

(a) (a) Basins of attraction; 

(b) Number of iterations required for stabilization. 

The red colour stands for   . 

Figure 5 Stabilizing the period-2 orbit and the nonzero 

fixed point with the law (7): 

3.3 Stabilizing the period-6 orbit (s = 6) 

For p = 0.97, there exist two orbits of period 6, 

namely   
                                      

                 and   
                      

                                    . The law 

(6) with gains                                   
                                           

                         and      

succeeded to stabilize orbit   
   

in 12 iterations, as 

presented in Figure 6.  
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Figure 6 Stabilizing the period – 6 orbit   
   

 with the 

law (6). 

       When looking for the BA of this orbit, it is observed 

some initial conditions  that lead to the period – 2 

orbit. Thus, out of the 1000 starting points  , 122 

stabilized the period-2 orbit and 680 the orbit   
   

 (see 

Figure 7 (a)). As for the number   , it fluctuates a lot 

with   and can reach values between 50 and 200 for 

many   (see Figure 7 (b)). 

At the scale of the representation in Figure 7 (a) it 

seems that, for example, the whole interval [0.3, 0.4] is 

part of the BA for orbit   
   

. A reduction of numerical 

investigation only at this interval, with a greater 

fragmentation of it, shows that there are, from place to 

place, points    in the BA of period-2 orbir (see Figure 7 

(c)). 

Figure 7 (a) Basins of attraction of the period-6 orbit 

  
   

 and period-2 orbit obtained by using law (6) 

Figure 7 (b) The associated number of iterations until 

stabilization. The red colour stands for the period-2 orbit 

Figure 7 (c) Detail in Figure 7 (a) 

Figure 8 (a) Basins of attraction for the nonzero fixed 

point (blue colour), period-2 orbit (red), period – orbit 

  
   

 (black) and period – 6 orbit   
   

 (cyan), obtained by 

using the law (7) 

(b) 

; 

Figure 8 (b) The associated number of iterations until 

stabilization 

The law (7) begins to prove its superiority starting 

with s = 4 both in terms of the speed of the stabilization 

process, and in the percentage of initial conditions   
leading to a stable orbit. All the orbits with period 

divisor of s have a chance to be detected and stabilized.  

Thus, for s = 6, 446 of the 500 starting points   
had, as a result of application of law (7), a stabilized 
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cycle: 41 found the nonzero fixed point, 46 the period-2 

orbit, 205 the orbit   
   

 and 154 the orbit   
   

. In 

addition, the number    was much smaller than for the 

law (6), regardless of the stabilized orbit, as shown in 

Figure 8. 

4. CONCLUSIONS 

In the paper we have numerically analyzed a chaos 

control technique called prediction-based control 

method. The simulation were carried out on a one-

dimensional mapping describing the malignant tumor 

growth. The main conclusions of our study can be 

summarized as follows: 

i) The method allow to stabilize UPOs up to any

period for a large set of initial conditions. Its algorithm is 

quite straightforward and easy to implement; 

ii) There is great flexibility in choosing the control

gains. These may depend on the prior knowledge of the 

orbit to be stabilized (which is a drawback) or can be 

obtained only on the basis of the actual state of the 

analyzed dynamical system. In the second variant, the 

PBC can be used for finding UPOs before using, 

eventually, other control methods. Moreover, this option 

is qualitatively superion in terms of convergence, 

especially for long-period orbits; 

iii) When it is desired to stabilize one/all perios – s

orbits  it is possible that by choosing different initial 

conditions to reach the stabilization of some orbits with 

period divisor of s. The associated basins of attraction 

are very fragmented and decrease in length for higher 

values of s. 
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